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An equation is derived for the space-cl~rge-limited 
current of an ion beam when there exist n different 
species of ions in the beam. The combined effects of 
non-uniform specific charge and space-charge-limited 
conditions upon thrust~ propellant flow rate, and pay-
load ratio are studied, and a graphical investigation 
and interpretation is made. 
This thesis will show that: (1) The existence of 
multiply ionized species in an ion beam will increase 
the space-cl~rge-limited current over that expected in 
a beam composed of purely singly ionized ions, (2) the 
thrust produced by the ion beam is independent of the 
non-uniform specific charge distribution, (3) the 
propellant flow rate, under space-cbarge-limited con-
ditions, is dependent upon the geometry of the ion 
accelerator, and (4) the existence of multiply ionized 




The author wishes to express his appreciation to 
Dr. Ralph S. Carson for the many constructive suggestions 
and hours of help which he provided in the preparation 
of this thesis. 
iv 
TABLE OF CONTENTS 
LIST OF SYMBOLS .. .. • .. 
LIST OF FIGURES • . .. . 
Page 
• • • • • • • v 
.. .. .. • . . . vii 
I. INTRODUCTION ................. 1 
A. Scope o f the Problem . . • .. . . . . 1 
B. Literature Survey .. . .. . . . . . . . 3 
II.' SPACE-CHARGE-LIMITED CURRENTS .• 4 
A. Discussion • • • • • • • . • 4 
B. Assumptions and Restrictions • . 5 
C. Development of the Modified Space 
Charge Law .. • • • .. • . • .. . • • .. 7 
D. Interpretation of the Modified 
Space Charge Lavr .. • .. • .. • • . . . 14 
E. Deviations from the Modified Space 
Charge Law • • .. .. .. • • • .. • .. • . 17 
III. SOME EFFECTS OF A NON-UNIFORH SPECIFIC 
IV. 
CHARGE UPON SPACE VEHICLE PARAHETERS .. 20 
A. Thrust Pressure . . . . . . . • • 20 
B. Propellant Flow Rate ....••.. 23 
c. Payload Ratio ••••••.•••.. 25 
D. Graphical Investigation and 
Interpretation • .. .. .. • • • 28 
S~Y ••••••••••••• • 36 
BIBLIOGRAPHY . • .. • • 37 




LIST OF SYMBOLS 
(alphabetical) 
Cross-sectional area of the ion beam. 
Distance from the emitter to the accelerating 
electrode. 
Total force exerted on the space vehicle by the 
ion beam. 
v 
Fraction of the k-th ionized specie which is 











Total current of the k-th ionized specie. 
Total current density. 
Current density of the k-th ionized specie. 
An integer which represents the amoUL""lt of ionization. 
Propellant flow rate of the J:\- th ionized snecie. 
Total propellant fl ow ra t e nf the i :·:n beam. 
Initial mass of the space vehicle. 
Total mass of the space vehicle at time t. 
Payload mass. 
ML/M0 Payload ratio • 
. 
Nk Particle flow rate of the k-th ionized specie. 
n An integer which represents the highest amount of 
ionization present in the beam. 
q
5 
Specific charge. By definition, qs = f. l)i'· 
t Time. 
tp Thrust pressure. By definition, tp = F/A. 
ut Velocity of the vehicle at time t. 
V Electric potential 
vk Exhaust velocity of the k-th ionized specie. 
(v) Average exhaust velocity. 
~ Specific power. 
€ Permittivity of the ion beam. 
E Magnitude of the charge on one electr,.-)n. 
~B Beam power efficiency. 
~W Power efficiency. 
7 Total flight time. 
f'-' Atomic mass of the ion beam material. 
·v Total volume particle density. 
Y k Particle density of the k-th ionized specie. 
jJ Total volume charge density. 
vi 
/k Volume charge density of the k-th ionized specie~ 
A bar over a symbol represents a vector quantity. 
VJ.1 
LIST OF FIGURES 
Figures Page 
1. Porous tungsten plug surface ionizatir·n 
source 1 
2. Ion accelerator . • • • • • 
3. Payload ratio as a function of the fraction 
of singly ionized ions • • • • • . • . . . 31 
4. Terminal velocity as a function of the 
fraction of singly ionized ions .•.•.... 32 
5. Payload ratio as a function of the fraction 
of doubly ionized ions . . . . . . . . . . 33 
6. Terminal velocity as a ftmction of the 
fraction of doubly ionized ions • • . . . . 34 
7. Payload ratio and terminal velocity as a 
function of the fraction of doubly ionized 
1ons . . . . . . . . . . . . . . . 
8. Propellant flow rate as a frmction of the 
. 35 
fraction of doubly ionized ions ........ 35 
I. INTRODUCTION 
A. Scope of the Problem. 
For certain space missions, and pr)ssi b1y f or a 
manned space flight to Mars, space vehicles : )f the 
future will be propelled electrically. One method of 
providing electrical thrust is by ion propulsion. By 
this method, cesium atoms are ionized by a surface 
1 
ionization source, accelerated through a high potential, 
and neutralized by a stream of electrons before leaving 
the space craft. Thus, a neutral cesium beamJ used as 
exhaust, will form a Newtonian action-reaction force 
for vehicle thrust. 
One possible ionization source for the cesium atoms 
is the porous tungsten plug type(l) which is shown in 
Fig. 1. Liquid cesium is passed through the plug, and 
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tungsten. The combined work function of the cesium-on-
tungsten layer is 0 .. 7 ev which is considerably less than 
that of either cesium (1.8 ev) or tungsten (4.5 ev). 
Since the cesium atoms are bound to the tungsten surface 
by image forces, the temperature of the tungsten is kept 
high (from ll00°K to 2000°K) to provide the atoms with 
enough energy to overcome the bond and leave the tm1gsten. 
When this happens, the outer electron of the cesium atom 
is held to the tungsten by the polarity of the electrodes. 
After ionization, the cesium ions are accelerated away 
from the tungsten surface by the electric field produced 
between the two electrodes. 
However, not all atoms leave the tungsten as singly 
ionized ions. Some are thermally ejected as neutrals, 
while a few become doubly and even triply ionized. The 
~xistence of more than one specie of ions in an ion beam 
will be referred to as a non-uniform specific charge 
(i.e. a non-uniform charge-to-mass ratio). Stuhlinger(I) 
and Hunter(2 ) have shown that a non-uniform specific charge 
can have a degrading effect on the beam power efficiency 
and payload ratio. 
The purpose of this thesis is to investigate the 
effects of a non-uniform specific charge in an ion beam 
upon space-charge-limited currents; and upnn thrust, 
propellant flow rate, and payload ratio under space-
charge-limited conditions. 
3 
B. Literature Survey. 
Studies of the effects of a non-uniform specific 
charge were probably first made by Hunter~2 ) He first 
defined the concept of beam power efficiency, and showed 
the usefulness of such a measure. Hunter also studied 
the effects of a continuous variation of propellant 
flow rate with respect to exhaust velocity. Stuhlinger(l) 
extended Hunter's work some"Yrha t as he s t udied the effects 
of a non-uniform specific charge upon payload rati :' and 
exhaust velocity .. 
The literature concerning space-charge-limi t ed 
currents is more plentifUl. The studies, applicable to 
this thesis, are by Child(3) and Ivey~4 ) Their contribu-
tions are discussed in Part II. 
To the author's knowledge, no one has yet s t udied 
the effects of a non-uniform specific charge in an ion 
beam when space-charge-limited conditions exist. 
4 
II. SPACE-CHARGE-LIHITED CURRENTS 
A. Discussion. 
Even if an ionization source could supply an 
unlimited number of ions, there is an upper limit t o 
the total ion current density which can flnw in an ion 
beam. This upper limit is caused by the space charge 
built-up by t he i ons in the beam .. C .. D. Chila(;)) has 
derived an expression (now a classic, and often referred 
to as Child's Law) for the space-charge-limited current 
between two parallel plane electrodes. However, Child 
assumed a uniform specific charge, and the derivation 
presented here will include the existence of a non-
uniform specific charge. Child's Law is often ca11ed 
the space charge law, and therefore, the resul t s :1 f t his 
derivation will be referred to, in this thesis, as the 
modified space charge la"H". 
Consider the ion accelerator shown in Fig. 2. The 
porous tungsten plug, or whatever ionization source is 
used, will be called the emitter. The distance between 
the electrodes is a, and the distance variable x is zero 
at the emitter. The velocities v1 , v2 , 
the velocities of the singly, doubly, .. 
• , v ~1 are 
. ' 
and n-t h 
ionized ions,respectively. Let k be any positive integer 
from 0 to n, and represent the amount of ionization on 
a given specie of ions or atoms. Thus, vk is the 
velocity of the k-th ionized specie. Notice that a zero 
subscript implies a neutral atom, and a non-zer0 sub-







v - 0 
Vacc 
z 
.___ _____ .... -;, 1~~---- -------~ 
Figure 2. An ion accelerator. 
B. Assumptions and Restrictions. 
Before proceeding with the development of a mod-
ified space charge law, the following assumptions and 
restrictions will be made: 







= charge density 
: permittivity of the i0n beam 
= electric potential of the inn beam 
= distance variable 
(1) 
6 
As pointed out by Ivey}4) in using Poisson's equat.i o:1, 
it is tacitly assumed that discrete ions an d a to:n s 
have been "smeared" into a continuum of charge. 
2. The electric field at the surface of the emitter 
is zero~3 ) As a result of this assumption, the 
initial velocities of the ions at the emitter are 
zero. 
3. The current densities in the y and z directions 
are zero, and the continuity equati on apnlies. 
'7• T - dT __ x_- o dX (2') 
where the bars represent vector quantities, and 
ix is the total current density in the x direction. 
Notice that as a result of this assumption, i = i, 
X 
and i is constant with respect to changes in x. 
4. There are no collisions between ions or between 
ions and atoms. 
5. Relativistic effects are neglected. 
6. The emitter surface and accelerating electrode 
are perfectly conducting, parallel planes, infinite 
in extent. 
7. The emission capability of the emitter is tlJ""llimited 
and independent of the applied accelerating potential. 
c. Development of the Hodified Space Charge Law. 
Now, 








Do not confuse the subscript k used in Eq. (4) with the 
subscript x used in Eq. (2). Recall that k as an integer 
which represents the amount of ionization on a given 
ion or atom. The x used in Eq. (2) is a distance var-
iable. 
Since neutral atoms possess no charge, i = 0. 
0 
Furthermore, since the vectors ik and v, are in the x 
- K 
direction only, the bars may be removed. Thus, 
Therefore, 
il = flvl 
i2 = /2v2 
(6) 
Since protrons and neutrons have approximately 1800 
times the mass of an electron, and since there are nearly 
~vD protrons and neutrons in the nucleus of a cesium 
8 
atom, changes in the mass of the atoms due t n losses of 
electrons will be neglected. That is, 
(7) 
where~ is the mass of the atom or ion. 
The total charge density is the sum of the charge 




Since there are no collisions, the conservation of 
energy equation may be written by equa t ing the kinetic 
energy of a particular ion to the energy given-up by the 
electric field to that ion at a point x where the poten-
tial is v. In equation form, this says 
(10) 
where E is the magnitude of the charge on one electron. 
Notice that k£ is the charge carried by an ion of the 
k-th specie. 
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Rewriting Eq. (10); 
where q 8 = specific charge = E/~ 
Now substitute Eq. (11) into Eq. (9). Notice that we 
will make this substitution n times. That is; for k - 1, 
substitute for v1 , and for k = n, substitute for vn .. 
The result is 




Substituting Eq. (12) into Poisson's equaticln, 
+ n ; i J-[2 (nqs) (v ace -V~ r 
2-
Rewrite the identity d~V = 1 _Q(dV) 






Using Identity (14) to integrate Eq. (13) term-by-term, 
2 ace + ace [
2i1 (V -V)! 2i2 (V -V)l + . . . . 
= £ ../2(q
8
) j2(2q 8 ) 
2i (v -v)t] + c n ace 1 
V'2(nq3 ) 
+ (15) 
The electric field at the emitter is zero. There-
fore, - dV/dx = 0 when x = 0. Applying this boundary 
condition, it may be concluded that- c1 = 0. 
Thus, simplifying Eq. (15); 
1 n 
2 4(v -V)2I i dV - ace k 
-- - 1 ---r ( dx) € ( 2q ) 2 (k) 2 
s k::l 
i, 
K )~ ~ 
Rearranging Eq. (17) and integrating; 
( dV 






- ___ 34 (V -V) = 
ace (19 ) 
Since Vacc= V at x= 0, c2 = 0. 
Now consider only the conditions at the accelerating 
electrode where x = a, and V = 0. This yields a f orm 
of the space charge law: 
------------- --- --------- ---
[ n 
lfr (20) 
- ----- - - - --
The right hand side of Eq. (20) is the same as the 
right hand side of the space charge law as originally 
derived by Child~l)(3 ) However, the left hand side nf 
Child's equation is the total current densi t y f or t he 
case of a uniform specific charge. As yet, an expressi on 
for the total space-charge-limited current density with 
a non-tmiform specific charge has not been found. 'This 
expression will be derived next. 
Since j?k = Yk(k E), Eq. (5) may be written as 
(21) 
where l)k is the particle (or number) density of the 
k-th ionized specie. The units of yk are particles 
per unit volume. 
12 
The total current density is the sum of the current 
densities of all the species of ions. That is, 
. +i 
n 
Substituting Eq. (21) into Eq. (22), 
(22) 
i = V 1 f v1 + Vc ( 2 £ ) v + • • • + Y n ( n E ) v 2 2 n 
( '~) '3 \ \ h.~t. .J 
The t otal particle densi t y is V, and 
·+ Vn (24) 
Let fk be the fraction of the k-th ionized specie. 
Notice that fk is ))k/)). Multiply and divide the right 
side of Eq. (23) by )I, and substitute fk. Thus, 
Therefore, 
(26) 
Recall that the conditions only at the accelerating 
electrode, where V~ o, are being considered.. ':rhus: 
Eq. (10) may be written as, 
(27) 
13 
which is equivalent to 
(28) 
Substituting Eq. (28) into Eq. (21), 
(29) 
and substituting Eq. (28) into Eq. (26), 
i = 
1 
VE(2qsVacc) ::-:- ! (30) 
k =1 
Taking the ratio of Eq. (29) to Eq. (30), 
(31) 
Now multiply the numerator and demoninator of the left 
of Eq. (20) by i, and substitute Eq. (31), 
1 
~ (k) 2 
(32) 
14 
Substituting Eq. (32) into Eq. (20), 
(33) 
Equations (20) and (33) are the results which were 
sought. Since the context of each equation is essentially 
the same, both will be referred to, in "this thesis, as 
the modified space charge law. 
D. Interpretation of the Modified Space Charge Law. 
General interpretations of the space charge law 
(recall that the space charge law was derived assmni~g 
) (1)(4) a uniform specific charge is given by several snurces. ' 
The purpose here is to provide an interpretation fnr the 
modified space charge law; where the modified space 
charge law was derived for the case of a non-uniform 
specific charge. 
Since the possibility that any fk<O is not considered, 
notice that 











Since it was assumed that no collisions occur, Inequality 
(34) means that the existence of d8ubly and higher 
ionized species in an ion beam will increase the space-
charge-limited current density over that expected in a 
beam composed of a purely singly ionized specie. This 
conclusion is consistent with intuition. A doubly 
' 
ionized ion will have a velocity which is J2 times 
that of a singly ionized ion, and will carry twice the 
charge. An increase in either charge or velocity will 
increase the current density~ and a doubly innized i nn 
increases both. 
Next, consider the effects of v upon i. 
0 
Let 
)I ' be the particle density of all ions (i.e. ·y' does 
not include any neutral atoms), so that; 
and 
v' = 
)! = )I + )I' 
0 




From Eq. (33), notice that if i does depend on y
0
, it 







n f- vfc, 
.::;.?-__ ==1-(_k_)~_r_k - ~ )lo + Y 
n n . V L kf "- k 





and y' are not involved in the summa-
tions, they may be brought outside the summation sign 
in the numerator and denominator of Eq. (38), and 





- ~ (k)' ))k 
) k j), 
k~l .K 
(39) 
This means that the right side of Eq. (33) is completely 
17 
independent of Y0 • Thus, the current density, i, as 
given in Eq. (33), is independent of the particle 
density of neutrals in the ion beam, as long as collisions 
may be neglected. This, too, agrees with intuition 
since neutral atoms produce no space charge and con-
tribute nothing to the total current density. 
The effects of collisions are discussed in the next 
section. 
E.. Deviations from the Modified Space Charge La1-r .. 
Ivey(4) has given a comprehensive review of several 
deviations from the space charge law f ~r electr ~ns in 
a vacuum. He has discussed deviations due to: electrode 
surface roughness; field distortion; contact potential; 
non-zero initial velocities; very high accelerating 
potentials; non-uniform emitter potential; potential 
drop in accelerating-electrode coating; and reflection 
of electrons (or, for the present case, ions) at the 
accelerating electrode. These deviations are also 
present in an ion beam. 
The following is a discussion of deviations from 
the modified space charge law for ions in a vacuum. 
1. Beam spreading. 
It was assumed that the current densities in 
the y and z directions are zero. Thus, the ions 
are allowed to move only in the x direction. 
18 
However, due to ·the mutual repulsive force between 
··' 
positive ions, the ions will tend to move away from 
the beam causing it to spread. Thus, if there are 
no external confining or focusing fields :J the 
current density at the accelerating electrode will 
be less than that at the emitter. 
2. Beam convergence. 
In certain geometrical arrangements (such as 
the area of the accelerating electrode being smaller 
than that of the emitter), the beam could converge. 
In this case, the current density will be greater 
at the accelerating electrode than at the emitter. 
3. Variations of permittivity within the beam. 
In studies of electron space-charge-limited 
currents, the permittivity of free space is used 
in Poisson's equation for two reasons. First, the 
electrons are in a vacuum. Second, and more 
importantly, the electrons are assumed not t0 
polarize. Yet, permittivity is a somewhat compli-
cated fooction of polarization,. and ions do tend 
to polarize. 
In all likelihood, the ions, upon leaving the 
emitter, will be slightly polarized. Since the 
ion beam electric field is a function of x, the 
polarization will tend to change as the ions move 
along the x-axis. Thus, the permittivity of the 
19 
ion beam will not be that of free space, and will 
tend to vary with x. As can be seen from Eqs. (20) 
and (33), permittivity affects the space-charge-
limited current. 
4. Collisions. 
One of the basic assumptions was that no 
collisions occurred between ions or between ions 
and atoms. 
However, for excessive particle densities 
of neutral atoms, collisions between ions and atoms 
will become numerous which will cause scattering 
of ions. 
Furthermore, since doubly ionized ions have 
a greater velocity than singly ionized ions, so~e 
of the doubly ionized particles will "catch-up" 
with some of those that are singly ionized, and 
collide. Thus, it can be seen that collisions 
between ions may occur. 
These collisions extract energy from the ions 
causing the space-charge-limited current to decrease. 
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III. SOME EFFECTS OF A NON-UNIFORM SPECIFIC CHARGE 
UPON SPACE VEHICLE PARAMETERS 
The space vehicle parameters to be considered are! 
thrust pressure, propellant f~ow rate, and payload 
ratio. The effects of various distributions of non-
uniform specific charge upon these parameters will be 
investigated graphically. Space-charge-limited condi-
tions are assumed for the remainder of this thesis. 
A. Thrust Pressure. 
The thrust pressure is defined as the ratio of the 
total thrust to the cross-sectional area of the exhaust 
beam. Thus, if F is the total thrust in a cross section, 
and A is the area of that cross section, then tp, the 
thrust pressure, is 
t = F p A 
(40) 
Let Mk be the propellant flow rate of the k-th ionized 
specie, and M be the propellant flow rate of the total p 
. . 
beam. The units of Mk_and MP is mass per unit time. 
Note that only a given cross section is being 
considered, and only this cross section will be consid-
ered in what follows. 
21 
The total thrust is simply the sum of the thrusts 
due to each of the individual species of ions. In 
equation form, 
. 
F ~ Ml!l + M2v2 + . . . + (41) 
Thus, 
F - (42) 
Mk is the product of the number flow rate (in 
numbers of particles per unit time) of the k-th ion-
ized specie of ions times the mass of each particle, 
which is ~. Letting Nk be the number flo1.r rate, 
( 43) 
Let I represent the total current of the given cross 
k 
section. Since the current in the ion beam is a DC 
current, 
( 
a given charge passing a point ) 
Ik = ( 44) 
time requir_ed for the charge to pass 
This is the product of the particle flow rate times the 
times the charge of each particle, or 
(45) 
Therefore, 
Combining Eqs. (46) and (42), 
Note that 
n 
F = ~ Ikvk L kq 
k:::l s 
Recalling Eq. (28), which is 
1 







To apply space-charge-limited conditions, Eq. (20) will 










As can be seen from Eq. (52), the thrust pressure 
does not depend upon the uniformity of the specific 
charge. It is interesting to note that this same 
equation was derived by Stuhlinger and Hesmer(S) under 
the conditions of a uniform specific charge. 
B. Propellant Flow Rate. 
The total propellant flow rate is the sum of the 
flow rates of the individual species of ions. That is 
n 
. . . L Mk (53) Mp = Ml + M2 + . . . -+ M .... n k=l 
Since neutral atoms will not be accelerated by the 
. 
electrodes, M = 0. 
0 
Combining Eqs. (53), (46), and (48); 
n 
. - _A_\ ik 
Mp - ~ k qs k=l 
(54) 
Rewriting Eq. (31); 
ik -




Multiplying the numerator and denominator of the right 
side of Eq. (54) by i, and combining this result with 
Eqs. (55) and (33); 
(56) 
This expression represents the space-charge-limited 
propellant flow rate under the influence of a non-uniform 
specific charge. 
Notice the A/a2 factor in Eq. (56). The signif-
icance of this factor is that under space-charge-limited 
-~ 
conditions with a specified propellant material, non-
uniform specific charge distribution, and accelerating 
voltage_, the propellant flow rate may be increased by 
either increasing the cross-sectional area of the beam, 
or decreasing the spacing between the emitter and 
accelerating electrode_, or both. 
*The choice of propellant material will determine q8 • 
Furthermore, notice the inequality 
t 
k=l 




When this inequality is applied to Eq. (56), it means 
that the existence of doubly and higher ionized ions in 
the beam will decrease the space-charge-limited pr0pel-
lant flow rate with respect to that expected in a beam 
composed of a purely singly ionized specie. 
Once again, this is consistent with intuition. 
The vehicle thrust is the product of the propellant flow 
rate and the average exhaust velocity, and the thrust 
Will remain constant with respect to changes in the 
specific charge distribution as shown in Eq. (52). 
Equation (63) shows that the average exhaust velocity 
Will increase when there are higher ionized species 
present in the beam. Therefore, the propellant flow 
rate will have to decrease. 
C. Payload Ratio. 
The payload ratio is the ratio of the payload mass, 
ML, tO the initial mass, M0 , of the space vehicle. An . 
expression for the payload ratio under space-charge-
limited conditions will now be derived. 
By equating the instantaneous momentum of the space 
vehicle to the momentum of the expellant beam, the 
terminal velocity(l) may be expressed as; 
where ur = terminal velocity of the space vehicle 
<v> == average exhaust velocity 
"f' ==- total flight time 
26 
(58) 
An expression has been developed(l) for the pay-




~ = beam power efficiency 
11. B :::. power efficiency 
exp(-ur/ <v> ~ 
(59) 
()£ W :: specific power 
exp( ~ means e raised to the power inside the 
'parenthesis 
By definition, 
7zw = beam power (60) beam power ~ heat losses 
Also by definition, 
oG -
beam power + H£. A r LD~s&.s (61) 
mass of the thrust producing system 
Hunter (2 ) has shown that 
and 
(v) 




q v M t_ krk 





Note that space-charge-limited conditions were not 
applied in the development of Eq. (64). However, since 
space-charge-limited conditions were applied in the 
development of Eq. (56), M1/M0 will be space-charge-
. 
limited whenever M is the value given in Eq. (56). Hhen 
• p 
MP is space-charge-limited, it is a maximum; but M1/M0 
. 
is a minimum. An increase in M will cause a corresponding p 
28 
D. Graphical Investigation and Interpretation. 
In this section, certain space vehicle parameters 
w~ll be specified, and a • graphical study will be made 
of the variations of MP, M1/M0 , and u'l' with respect to 
changes in specific charge distributions. 
Using the MKS system, let the following be specified: 
100 watts/kg 
(10) 8 seconds (approximately 3.3 years) 
A/a2 = 100 
M0 = 100 kg 
Vacc will be used as a parameter of 
variation with values selected 
to be 20 kv, 40 kv, 60 kv, and 
80 kv. 
A small mass, long-flight-time vehicle such as this 
might be used for an unmanned deep space probe. 
The data given above, along with Eqs. (56), (58), 
(63), and (64), were fed into an IBM 1620 Computer, and 
the results are plotted in Figs. 3, 4, 5, 6, 7, and 8. 
The following coding scheme will be used to marl\ 
the cur¥es on the graphs: a curve marked with a nu~ber 
2 means that Vacc= 20 kv; a number 4 means Vacc= 40 kv; 
and so on. 
In Figs. 3 and 4, only neutrals and singly ionized 
ions are assumed to be present in the beam. In a case 
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such as this, an increase in f
0 
will cause r1 to decrease 
sJ.nce 
= 1 (65) 
From Eq. (64), notice that a decrease in r1 will cause 
an increase in M1/M0 • However, as may be seen from Eqs. 
(63) and (58), the terminal velocity will decrease. 
This is revealed in Figs. 3 and 4, and the curves shown 
may easily be approximated by straight lines. If only 
singly ionized ions and neutrals are present, M will p 
remain unaffected with changes in f 0 • 
Notice that the payload ratio goes to zero when 
Vacc= 80 kv and r1 = 0.98. Since the payload vanishes 
whenever M1/M0 is zero, these combined values for Vacc 
and r 1 constitute an upper limit. 
In Fig. 4, all curves intersect a t t he origin. 
Only singly and doubly ionized ions are assumed 
present in Figs. 5 and 6. Notice that the V = 80 kv 
. ace 
curve is not shown in either figure. Recalling Eqs. (64) 
and (56), an increase in accelerating potential will 
cause the payload ratio to decrease, and the mathemat-
ical relations could yield a negative payload ratio 
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which is physically impossible. This is what has happened 
in Fig. 5. An accelerating potential of 80 kv has caused 
the payload ratio to become negative, and therefore, the 
V = 80 kv curve was not plotted in either Fig. 5 or 
ace 
Fig. 6. 
Furthermore, the curves in Figs. 5 and 6 are not 
straight lines. Each of the u 1" vs. f 2 curves reach a 
relative minimum in the range 0 <f2 <1. For clarity, 
curves 6 are redrawn to a larger scale in Fig. 7. 
In viewing Figs. 3, 4, 5, and 6, notice that the effecis 
of neutrals upon payload ratio and terminal velocity are 
drastic as compared to the mild effects of the doubly 
ionized ions. Also, the effects of the neutrals will 
be worse than shown in the graphs since collisions have 
been neglected. 
Figure 8 shows the variation of propellant flow 
rate as r2 is varied. As predicted on page 25, MP 
decreases as r2 increases. The V = 80 kv curve is ace 
shown in Fig. 8 only to aid in the visualization of the 
. 
variation of M with respect to r2 • Recall from the p 
discussion of Fig. 5 that this value of potential caused 








0 0.2 0.4 0 .. 6 0.8 1.0 
Figure 3. Payload ratio as a ftmction of the frac t ion 
of singly ionized ions. r2 = f3 = • · · = fn = 0. 












0.2 0.4 0.6 0 .. 8 
Figure 4. Terminal velocity as a function of the fraction 
of singly ionized ions. r2 = r 3 = · · · = 0. 








0 0.2 0.4 0.6 0.8 1.0 
Figure 5. Payload ratio as a function of the fraction 
of doubly ionized ions. f
0 














0.2 0.4 0.6 0.8 1.0 
Figure 6. Terminal velocity as a function of the 
fraction of doubly ionized ions. f 0 = 0. r1 + f2 = 1. r 3 = r 4 = · · · = fn = 0. 
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0 0.2 0.4 0.6 0.8 1.0 
Figure 7. Payload ratio and terminal velocity as a 
function of the fraction of doubly ionized ions. The 
plots are the same as curves 6 of Figs. 5 and 6, except 







0 0.2 0.4 0.6 0.8 1.0 
Figure 8. Propellant flow rate as a functi0n of the 
fraction of doubly ionized ions. f 0 = 0. r 1 + r2 - 1. f 3 = f4 = · · · = fn = 0. The units of ~P are (micrograms/sec), 
IV. SUMMARY 
An equation, which includes the effects of non-
uniform specific charge, was derived for the space-
charge-limited current density. This equation showed 
that the existence of multiply ionized species of inns 
in an ion beam would increase the current density, and 
that the particle density of neutrals in the beam did 
not affect the current density as long as collisions 
can be neglected. 
Space-charge-limited conditions were then assumed 
for the remainder of the thesis. 
Upon developing an expression for the thrust 
pressure, it was shown that the thrust is independent 
of the specific charge distributions. The propellant 
flow rate was found to depend upon the geometry of the 
space-vehicle ion-accelerator. Furthermore, the flow 
rate was shown to decrease whenever multiply ionized 
ions are added to the beam. 
A graphical investigation revealed that the effects 
due to neutrals in an ion beam are more drastic than the 
effects due to multiply ionized ions. 
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